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The dissipative dynamics of Gaussian squeezed states (GSS) and coherent superposition states
(CSS) are analytically obtained and compared. Time scales for sustaining different quantum prop-
erties such as squeezing, negativity of the Wigner function or photon number distribution are cal-
culated. Some of these characteristic times also depend on initial conditions. For example, in the
particular case of squeezing, we find that while the squeezing of CSS is only visible for small enough
values of the field intensity, in GSS it is independent of this quantity, which may be experimentally
advantageous. The asymptotic dynamics however is quite similar as revealed by the time evolution
of the fidelity between states of the two classes.
PACS numbers: 03.65.-w, 03.65.Yz, 03.67.-a
I. INTRODUCTION
The recent rapid development of quantum information
theory has largely stimulated research on nonclassical
states of light. A particularly promising approach con-
sists in processing quantum information with continuous
variables [1], where the information is encoded into two
conjugate quadratures of the quantized mode of the op-
tical field. Natural candidates for these applications are
Gaussian squeezed states (for a review of experiments
with squeezed light see [2]) and superpositions of two
coherent states [3]. It is imperative, therefore, to under-
stand the quantum-classical limit for these states which
ultimately decides whether a particular one can be used
to enhance processing power in a quantum computer.
Classicality cannot be decided on the measurement of a
single observable, i.e. a classical description may explain
some behavior and fail to explain another. In particular,
for continuous variable states, studying the quantum-
classical limit implicates in analyzing quantum proper-
ties (see [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] and
references therein) such as squeezing, oscillations in the
photon number distribution and sub-Poissonian statistics
[17]. This analysis can be statical or dynamical. For ex-
ample, when comparing two different classes of quantum
states, let’s say Gaussian squeezed states and superposi-
tions of two coherent states, one can ask how squeezed
each one can be given a certain amount of invested en-
ergy or how fast they lose this squeezing when coupled
to an external reservoir, which is always present. In fact,
several recent experiments have shown that all quantum
features of light are sensitive to dissipation. Squeezing,
oscillations in photon number distribution and interfer-
ence effects are dramatically reduced when the physical
system is coupled to a macroscopic environment. There
is a vast literature on both cases (see [18] and references
∗e-mail: lamsouza@fisica.ufmg.br
therein for a review).
The question we address in this contribution is: how
fast do the two classes of initial states (CSS or GSS)
loose their potentiality to exhibit each one of the quan-
tum properties they have in common and/or others?
In other words, we analytically derive, according to the
model presented, characteristic time scales for different
quantum properties in both classes of states: GSS and
CSS. In particular, we show that although these classes
of states share some quantum features as e.g. squeez-
ing and oscillations in photon number distribution, their
time scales are both quantitatively and qualitatively dif-
ferent. For superposition states, there is a well known
time scale related to the time it takes for the corre-
sponding Wigner functions to become completely posi-
tive. This is called decoherence time. It means that,
in this time scale, interference effects become unobserv-
able. We show that the time scale for observing squeez-
ing effects or oscillations in photon number distribution
is smaller than the decoherence time and this limitation
is due to the dependence of these times on the intensity
of the coherent fields. For GSS, however, the situation
drastically changes. The characteristic times for the ob-
servation of the same properties are independent of the
intensity, an effect obtained numerically in reference [19].
In this contribution, for the sake of comparison, we con-
sider states of both classes with comparable characteristic
times. This allows us to show that the dynamics leading
to the asymptotic stationary state is very similar, so that
all interesting physics is contained in the transient times.
Moreover, for the GSS considered it is possible to obtain
an upper limit on the initial thermal excitations so that
quantum properties may still be visible [20].
This work is divided as follows: we study some quan-
tum properties of coherent superposition states (section
II) and of displaced, squeezed, thermal states (section
III). The quantum properties are, in both cases and re-
spectively: squeezing and interference (subsections IIA-
III A), oscillations in photon number distribution (sub-
sections II B-III B) and the von Neumann entropy (sub-
2sections II C-III C). Besides the qualitative comparisons
made in the cited sections, in section IV we present an
analytical expression for the fidelity between the super-
position states and the GSS as a function of time. In
section V we briefly summarize this work and present
the conclusions.
II. SUPERPOSITION STATES: DISSIPATIVE
DYNAMICS OF QUANTUM PROPERTIES
The class of initial states here considered can be writ-
ten as pure superposition states of the form
|ψ〉 = 1
N
(
|β0〉+ eiθ |−β0〉
)
, (1)
where
N =
√
2(1 + e−2|β0|2 cos θ) (2)
and |β0〉 stands for a coherent state. If θ = 0(pi) we
will have an even (odd) coherent superposition state
(which we shall, from now on call even (odd) superpo-
sition states). These states can be produced both in cav-
ity QED [21] and propagating pulses [22] and have been
utilized mainly to study the effects of decoherence and
quantum-classical transition.
The dissipative dynamics we have in mind is the one
well known from quantum optics
ρ˙ = Lρ, (3)
with
L· = −iω[a†a, ·] + k(n¯B + 1)(2a · a† − a†a · − · a†a)
+k n¯B(2a
† · a− aa† · − · aa†), (4)
where ω is the angular frequency of the unitary evolution,
n¯B is the mean number of excitations in the environment,
k is the system-environment coupling constant and a(a†)
is the annihilation (creation) operator of one excitation
in the field mode. In this work we use units such that
~ = 1.
The solution for the zero temperature case (also well
known) is given by
ρA(t) =
1
N2
{
|β(t)〉 〈β(t)| + |−β(t)〉 〈−β(t)|+ f(β0, t)×
×(eiθ |β(t)〉 〈−β(t)|+ e−iθ |−β(t)〉 〈β(t)|)
}
, (5)
where N is given in equation (2),
f(β0, t) = e
−2(|β0|
2−|β(t)|2) (6)
and
β(t) = β0e
−(iω+k)t. (7)
Note that the stationary solution is a pure Gaussian state
ρA(t→∞) = |0〉 〈0| , (8)
where |0〉 is such that a |0〉 = 0. In this section we will
only consider zero temperature for simplicity.
The density operator (5) has the following eigenvectors
[23]
|e(t)〉 = 1
Ne(t)
[|β(t)〉 + |−β(t)〉] ,
(9)
|o(t)〉 = 1
No(t)
[|β(t)〉 − |−β(t)〉]
whose eigenvalues are given by
pe(t) =
1
N2
(1 + e−2|β(t)|
2
)(1 + e−2(|β0|
2−|β(t)|2) cos θ),
(10)
po(t) =
1
N2
(1− e−2|β(t)|2)(1− e−2(|β0|2−|β(t)|2) cos θ),
where
Ne(t) =
√
2(1 + e−2|β(t)|2)
(11)
No(t) =
√
2(1− e−2|β(t)|2).
The subscripts e and o stand for even and odd superpo-
sitions states respectively.
A. Interference and Squeezing
The potentiality of superposition states to produce in-
terference is encoded in the negative parts of their Wigner
functions. In the present case, the time evolution of the
Wigner function for states of the form (1) is given by
W (λ, λ∗, t) =
4
N2
{
e−2|β(t)|
2−2|λ|2 cosh
[
4|β(t)|2ℜ
(
λ
β(t)
)]
+f(β0, t)e
−2|λ|2 cos
[
θ − 2|β(t)|2ℑ
(
λ
β(t)
)]}
.
(12)
The above expression has been obtained using the rela-
tion W (λ, λ∗) = 2 tr[ρAD(λ)(−1)bnD−1(λ)], where D(λ)
is the displacement operator, (−1)bn is the parity opera-
tor, λ =
√
ω
2 (x+ ip) and the symbols ℜ, ℑ stand for real
and imaginary parts respectively.
Some results for the Wigner function (WF) at time
zero (t = 0) of the even and odd coherent superposition
states are shown in figures (1) - (4), for different values
of β0.
The negative part of the WF for the same value of
β0 is systematically larger for odd superposition states.
3However it disappears simultaneously in the well known
decoherence time τ =
(
4|β0|2k
)−1
. When this time is
reached, there are no quantum effects which remain, nei-
ther squeezing nor oscillating photon number distribu-
tion, as we shall show shortly. These phenomena however
possess different time scales than that of decoherence. In
figure (1) it is clear (at least qualitatively) that the WF of
a even CSS, with small values of β0, is quasi-Gaussian,
the crucial difference is that it shows interference (the
negative parts). When we increase the value of β0, the
negative parts of the even CSS are clear. The odd CSS
always has a negative value of Wigner function, particu-
larly in the point x = p = 0.
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FIG. 1: Wigner function for the even superposition state (θ =
0). Parameters: β0 = 0.8, ω = 1, k = 0.1, t = 0.
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FIG. 2: Wigner function for the even superposition state (θ =
0). Parameters: β0 = 1.5, ω = 1, k = 0.1, t = 0.
An interesting physically appealing way to understand
the dynamics of the WF for the even and odd super-
position states is as follows: in figure (5) we plot the
fidelity of each state with the vacuum state (to be asymp-
totically reached) as a function of time. The fidelity
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FIG. 3: Wigner function for the even superposition state (θ =
pi). Parameters: β0 = 0.8, ω = 1, k = 0.1, t = 0.
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FIG. 4: Wigner function for the even superposition state (θ =
pi). Parameters: β0 = 1.5, ω = 1, k = 0.1, t = 0.
F (ρA, |0〉 〈0|) =
√
〈0| ρA |0〉 is given by
F 2(ρA, |0〉 〈0|) = 2e
−|β(t)|2
N2
(
1 + f(β0, t) cos θ
)
, (13)
where f(β0, t) is given by (6), N is the normalization (2)
and β(t) is given by (7).
Initially the odd superposition state does not contain
the vacuum in its structure. However, since this state is
a fixed point of the dynamics (its pointer state), it needs
to be populated. As can be gathered from the figure, the
vacuum state is rapidly populated. As for the even su-
perposition state, if β0 . 1.14 (for our choice of parame-
ters), the initial probability of finding the vacuum in that
state is always larger than 50%. There comes the differ-
ence with the odd superposition state. While the latter
rapidly populates the vacuum state, the even superpo-
sition state starts by populating other states maintain-
ing the vacuum population practically unchanged. After
these initial different transient times both states have
similar dynamics, evolving both to the asymptotic state
4|0〉 〈0|.
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FIG. 5: Fidelity between the vacuum state and even (θ = 0,
solid line) and odd (θ = pi, dashed line) superposition states.
Parameters: β0 = 0.8, ω = 1, k = 0.1. The time scale is:
time = kt.
Next, we show that the characteristic time of squeezing
effects is shorter than that for interference effects. The
tool we use here to investigate squeezing in the quadra-
tures is the determinant of the covariance matrix
D(t) = Det
(
σpp σqp
σqp σqq
)
, (14)
where σqq =
〈
x2
〉−〈x〉2, σpp = 〈p2〉−〈p〉2 and σqp.σpq =
1
4 〈xp+ px〉2. For CSS, we have
〈x2〉 = 1
2ω
{
1 + β2 + β∗2
+
4|β|2
N2
[
1− cos(θ)e−2|β0|2
]}
〈p2〉 = −ω
2
{
− 1 + β2 + β∗2
−4|β|
2
N2
[
1− cos(θ)e−2|β0|2
]}
〈xp+ px〉 = −i(β2 − β∗2).
since the non-diagonal terms precisely cancel the rapid
oscillations due to the free field frequency. Note that, for
this case,
〈
x2
〉
= σqq and
〈
p2
〉
= σpp
As can be noted from the expressions for
〈
x2
〉
and
〈
p2
〉
(showed explicitly in [9]) the odd superposition state will
never exhibit squeezing. However, the even superposition
is always squeezed.
In figures (6) and (7) we show the determinant of the
covariance matrix for the even and odd superposition
states. As can be seen from the figure, the squeezing
of the even superposition state (“filtered” by the deter-
minant) increases, reaching a maximum value and then
following the dissipative dynamics which will take it to
the vacuum state. The time of the maximum value of the
determinant (and of the squeezing “visibility”) depends
on β0 as follows
tSc = −
1
2k
ln
[
sinh
(
2|β0|2
)
4|β0|2 cos θ
]
, (15)
and the effect is only visible for small enough values of
β0, i. e., only if
0 <
sinh
(
2|β0|2
)
4|β0|2 cos θ < 1. (16)
For the even states
0 ≤ tSc ≤ τ, (17)
where τ is the decoherence time (note that for the odd
CSS the characteristic time does not have physical inter-
pretation, it acquires imaginary values). For large values
of β0 the squeezed quadrature is essentially constant, and
the determinant of the covariance matrix is very similar
for both the even and odd superposition states. We re-
mark that the visibility of the effect is a consequence of
two factors: the initial conditions must obey the above
inequality and the characteristic times must be experi-
mentally “available”.
kt
FIG. 6: Time evolution of the determinant of the covariance
matrix for the even superposition state (solid line, right scale)
and for the odd superposition state (dashed line, left scale).
Parameters: β0 = 0.8, ω = 1, k = 0.1.
B. Oscillating photon distribution
The time evolution of the photon distribution for the
even and odd superposition states for different values of
β0 is depicted in figures (8)-(11). The analytic expression
for these curves is given by (Pn = 〈n|ρ|n〉)
Pn = e
−|β(t)|2 2|β(t)|2n
N2n!
[1 + (−1)nf(β0, t) cos θ] . (18)
5kt
FIG. 7: Time evolution of the determinant of the covariance
matrix for the even superposition state (solid line) and for the
odd superposition state (dashed line). Parameters: β0 = 1.5,
ω = 1, k = 0.1.
Note that the dissipative dynamics will tend to destroy
the initial parity of the states. The characteristic time is
approximately the same as that for the squeezing of the
even superposition state. The solid line is intended to
guide the eye. Also, it is well known that while coherent
states have Poissonian photon distribution, even (odd)
superposition states have super(sub)-Poissonian distribu-
tions. This can be measured by the Mandel parameter
Q defined as
Q =
〈
(∆n)2
〉− 〈n〉
〈n〉 . (19)
Here, 〈n〉 and 〈(∆n)2〉 are the average and the variance
of photon number in the field state, respectively. If the
distribution is sub-Poissonian, i. e. Q < 0, the state state
is a quantum one. If Q ≥ 0 however, no definite state-
ment can be made. For example, in our case, the even
CSS is “as quantum” as the odd one, despite presenting
super-Poissonian statistics (just like “classical” light) [9],
which evidences that in order to decide whether a state is
quantum or not, most likely more than one pertinent ob-
servables should be measured. The exception to this case
is the set of states that present negative Wigner function
in which case a simple measurement of this negativity is
enough to preclude any classical analog.
C. von Neumann entropy
Having obtained the eigenvalues of the density matri-
ces of even and odd superposition states, it is a simple
matter to calculate von Neumann’s entropy, which is de-
picted in figures (12)-(13) for different values of β0 . The
von Neumann entropy is given by
S[ρ] = − tr(ρ ln ρ) (20)
0
0.5
1
1.5
0 2 4 6
0
0.2
0.4
0.6
0.8
1
ktn
P
n
FIG. 8: Time evolution of the photon number distribution for
an even superposition state (θ = 0). Parameters: β0 = 0.8,
ω = 1, k = 0.1.
0
0.5
1
1.5
0 2 4 6
0
0.2
0.4
0.6
0.8
1
kt
n
P
n
FIG. 9: Time evolution of the photon number distribution for
an even superposition state (θ = 0). Parameters: β0 = 1.5,
ω = 1, k = 0.1.
and for the superposition states considered
S[ρA] = −po ln po − pe ln pe. (21)
Note that the entropy increases up to the decoherence
time, when it starts decreasing back to zero, which is the
entropy of the asymptotic state of the dissipative reser-
voir, the vacuum. The shape of the curve changes for
large values of β0 and the decoherence time is smaller, as
expected.
III. GAUSSIAN STATES: DISPLACED,
SQUEEZED, THERMAL STATES (GSS)
We start with the Liouvillian given in Eq. (4), but
now we we extend the calculations in order to include
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FIG. 10: Time evolution of the photon number distribution
for an odd superposition state (θ = pi). Parameters: β0 = 0.8,
ω = 1, k = 0.1.
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FIG. 11: Time evolution of the photon number distribution
for an odd superposition state (θ = pi). Parameters: β0 = 1.5,
ω = 1, k = 0.1.
temperature, i.e., we consider n¯B ≥ 0.
If the initial state is a Gaussian, it can be written as
ρB = D(α0)S(r0, φ0)ρν0S†(r0, φ0)D†(α0) (22)
where D(α) is the displacement operator, S(r, φ) is the
squeezing operator, the subscript 0 denotes initial val-
ues and ρν is the thermal density operator with average
number of excitations ν. More explicitly we have
D(α) = exp(αa† − α∗a) (23)
S(r, φ) = exp
(1
2
reiφa†2 − 1
2
re−iφa2
)
(24)
ρν =
1
1 + ν
exp
[
ln
(
ν
ν + 1
)
a†a
]
(25)
We remark that ν is not the average number of excita-
k
FIG. 12: von Neumann’s entropy for the even superposition
state (θ = 0, solid line) and for the odd superposition state
(θ = pi, dashed line). Parameters: β0 = 0.8, ω = 1, k = 0.1.
kt
FIG. 13: von Neumann’s entropy for the even superposition
state (θ = 0, solid line) and for the odd superposition state
(θ = pi, dashed line). Parameters: β0 = 1.5, ω = 1, k = 0.1.
tions, but rather the average number of thermal excita-
tions. The evolution preserves the Gaussian character of
the density operator, and the parameters acquire a time
dependence, i. e., the state becomes
ρB = D(α)S(r, φ)ρνS†(r, φ)D†(α) (26)
7where
α(t) = α0e
−(iω+k)t (27)
φ(t) = φ0 − 2ωt (28)
ν(t) =
√
x2(t)−
[
(ν0 +
1
2
) sinh(2r0)e−2kt
]2
− 1
2
(29)
x(t) =
(
ν0 +
1
2
)
cosh(2r0)e
−2kt +
(
nB +
1
2
)
(1− e−2kt)
(30)
r(t) =
1
4
ln
[
(ν0 +
1
2 )e
2r0 + (nB +
1
2 )(e
2kt − 1)
(ν0 +
1
2 )e
−2r0 + (nB +
1
2 )(e
2kt − 1)
]
(31)
The Robertson-Schroedinger determinant (or the co-
variance matrix) and the von Neumann entropy are re-
lated by
D(t) =
[
ν(t) +
1
2
]2
(32)
S[ρ(t)] = [ν(t) + 1] ln [ν(t) + 1]− ν(t) ln ν(t).
(33)
Note that, in the case of Gaussian states, the entropy is
completely determined by a relationship between quadra-
tures, given by D(t), and is always analytical. Note also
that, differently from the superposition states, the en-
tropy is independent of the optical field intensity, which
may turn on an experimental advantage. Here, optical
field intensity means the displacement.
A. Squeezing
The Wigner function of the GSS is always positive.
The evolved Wigner function for a GSS described by the
Liouvillian (4) acting on the Gaussian initial state (22)
is
W (q, p) =
∑
l
1
pi
(−|F3|ν)l
(ν + 1)l+1
×Ll
[
2
((x − x0)2
F 24
+
(F4F5)
2
4
)]
(34)
× F4|F1| exp
[
− (x− x0)
2
F 24
− (F4F5)
2
4
]
,
where Ll(x) is the Laguerre function of l order and ar-
gument x and we define [24]
F1 = cosh r + e
iφ sinh r,
F2 =
1− i sinφ sinh r(cosh r + eiφ sinh r)
(cosh r + cosφ sinh r)(cosh r + eiφ sinh r)
,
F3 =
cosh r + e−iφ sinφ sinh r
cosh r + eiφ sinφ sinh r
,
F4 =
√
cosh2 r + sinh2 r + 2 cosφ cosh r sinh r,
F5 = 2(p+ p0)− i(x− x0)(F ∗2 − F2). (35)
The time evolution of the parameters are given by Eq.
(27)-(31). The Wigner function above can also be written
in a closed Gaussian form (since the dynamics does not
change its Gaussian character):
W (x, p) =
1
pi(ν + 12 )
exp
{sinφ sinh(2r)
ν + 12
xp−
−cosh(2r)
2ν + 1
(1− tanh(2r) cosφ)x2
−cosh(2r)
2ν + 1
(1 + tanh(2r) cosφ)p2
}
. (36)
We can access the squeezing by looking at the deter-
minant of the covariance matrix (32) (and consequently
looking at the entropy (33)). In figure (14) we show the
determinant of the covariance matrix versus time. Its
behavior (and the discussion) is very similar to the one
of the even superposition state showed before. Here, the
time of the maximum value of the determinant is (this
result was also found in ref. [25], for the linear entropy)
tGc = (2k)
−1
{
ln 2− ln
[2n¯B + 1
d
(37)
× (2ν0 cosh(2r0) + cosh(2r0)− 2n¯B − 1)
]}
where
d = 2 cosh (2r0)
[
n¯B (ν0 + 1) + ν0 (n¯B + 1) +
1
2
]
−2
(
n¯B +
1
2
)2
− 2
(
ν0 +
1
2
)2
.
We remark that we assume the characteristic time to be
positive, i. e. if tGc > 0 −→ tGc ∈ R. The “quantum
properties” present in the state are visible for ν0 satisfy-
ing [20]
ν0 <
1
2
[2n¯B cosh (2r0) + cosh (2r0)− 1] . (38)
Note that, given an initial condition ν0, the temperature
of the reservoir cannot be very high, therefore the sys-
tem will tends to equilibrium rapidly. As a matter of
fact, given an initial condition ν0, the temperature must
satisfy
n¯B <
1
2
[2ν0 cosh (2r0) + cosh (2r0)− 1] , (39)
8such that an increasing in D(t) (or in the entropy) be
visible. Of course, this visibility is also a consequence
of two factors: the initial conditions need to obey the
above inequality (38) and the time scale (37) needs to be
experimentally accessible.
kt
FIG. 14: Time evolution of the determinant of the covariance
matrix for the GSS. Parameters: ω = 1, nB = 0, k = 0.1,
r0 = 1, ν0 = 0 (solid line, right scale) and ν0 = 3 (dashed
line, left scale).
Equation (38) establishes an upper bound on the initial
“impurity” of the state such that, even under a dissipa-
tive environment, squeezing can be accessed.
It is rather remarkable that this characteristic time
is independent of the field intensity. This has been
shown numerically in reference [19]. For our choice of
parameters, tGc is comparable to t
S
c (superposition time
scale). However, it is possible to obtain tGc ≫ tSc , e.g.,
by simply increasing the field intensity of the coher-
ent superposition state. As an example, if we impose
〈a†a〉GSS = 〈a†a〉CSS and choose the following parame-
ters: ω = 1, nB = 0, k = 0.1, ν0 = 0, |β0| = 0.8, α0 = 0.0
and θ = 0, the squeezing factor must be r0 ≃ 0.73 and
the characteristic times will respect
0 < tSc < t
G
c < τ, (40)
where τ is the decoherence time for the CSS, tSc and t
G
c
is given by (15) and (37) respectively.
B. Oscillating photon distribution
Analyzing the displaced squeezed Gaussian states, one
can see that they also have super-Poissonian statistic (as
the even superposition state). This is measured by the
Mandel parameter: for a GSS with the dynamics given
by (4) we always have Q ≥ 0. For a GSS it is known that
the photon distribution is (given in [25, 26])
Pn = piQ(0)(−1)n2−2n(A˜+ |B˜|)n
×
n∑
k=0
1
k!(n− k)!
[ A˜− |B˜|
A˜+ |B˜|
]k
×H2k
[
i
ℑ(C˜e−iφ2 )√
A˜− |B˜|
]
×H2n−2k
[
i
ℜ(C˜e−iφ2 )√
A˜+ |B˜|
]
(41)
where Hj is the j-order Hermite polynomial and
piQ(0) = [(1 +A)2 − |B|2]1/2
× exp
{
− (1 +A)|C|
2 + 12 [B(C
∗)2 +B∗C2]
(1 +A)2 − |B|2
}
(42)
where
A = ν + (2ν + 1) sinh2 r (43)
B = −(2ν + 1)eiφ sinh r cosh r (44)
C = α (45)
and finally
A˜ =
ν(ν + 1)
ν2 + (ν + 12 )[1 + cosh(2r)]
(46)
B˜ = − e
iφ(ν + 12 ) sinh(2r)
ν2 + (ν + 12 )[1 + cosh(2r)]
(47)
C˜ =
C[ 12 + (ν + 1/2) cosh(2r)]− C∗eiφ(ν + 12 ) sinh(2r)
ν2 + (ν + 12 )[1 + cosh(2r)]
.
(48)
The time evolution of Pn is presented in figures (15)-
(16). It is clear that, if the states respect (38) oscillations
in the photon distribution are observable, else the photon
distribution look like a “thermal” one.
Following the idea of [27] the second order correlation
function for Gaussian Squeezed States (GSS) is a “quan-
tum witness”
g(2)(0) =
〈
a†a†aa
〉
〈a†a〉2
. (49)
If g(2) > 3 the GSS is quantum, if g(2) ≤ 3 the state
is classical. We see that for values respecting (38) the
state is quantum according this criterion. The Mandel
parameterQ for a GSS shows, like the even superposition
state, super-Poissonian statistic Q > 0, and when t→∞
the statistic tends to Poissonian.
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FIG. 15: Photon number distribution for a GSS with α0 = 0,
φ0 = 0, r0 = 1, k = 0.1, ν0 = 0 and n¯B = 0.
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FIG. 16: Photon number distribution for a GSS with α0 = 0,
φ0 = 0, r0 = 1, k = 0.1, ν0 = 3 and n¯B = 0.
C. von Neumann entropy
In a recent work [20] we studied some characteristics of
the GSS, including photon number distribution, Wigner
function and von Neumann entropy. We show the results
here for the purpose of comparison with the superposition
states (similar behaviour was found also in [16], where
they studied the 2-entropy of a single-mode field initially
in a number state). In figure (17) we show the result for
the von Neumann entropy for the GSS, for different val-
ues of ν0. The characteristic time for the entropy is the
same, in this case, as the characteristic time for squeez-
ing, and we can conclude that the same condition (i. e.,
equation (38)) holds here too. Note also that the entropy
(and any other observable that depends only on ν(t)) is
independent of the field strength α(t) and the squeezing
phase φ(t).
k
FIG. 17: Time evolution of the von Neumann entropy for the
GSS. Parameters: ω = 1, nB = 0, k = 0.1, r0 = 1, ν0 = 0
(solid line, right scale) and ν0 = 3 (dashed line, left scale).
IV. GSS VERSUS SUPERPOSITION STATES –
FIDELITY
In the previous sections we briefly review some proper-
ties of coherent superposition states and of GSS, and how
these properties evolve in time. We compare these states
by graphically analyzing the evolution of those properties
and, although qualitatively, we could get some conclu-
sions and made some comparisons between the studied
states.
Now we present a more quantitative comparison be-
tween the states, through the fidelity, defined by
F = tr
√√
ρAρB
√
ρA (50)
where ρA and ρB are (5) and (26) respectively. With
this result we can quantify how the states “look like”
each other.
The expression for the fidelity is
F =
√
λ+ +
√
λ−, (51)
where
λ± =
b+ c±
√
(b− c)2 + 4|d|2
2
(52)
10
and
b = pe〈e|ρB|e〉
=
pe
N2e
{
〈β|ρB|β〉 + 〈−β|ρB| − β〉 + 2ℜ〈−β|ρB|β〉
}
(53)
c = po〈o|ρB |o〉
=
po
N2o
{
〈β|ρB|β〉 + 〈−β|ρB| − β〉 − 2ℜ〈−β|ρB|β〉
}
(54)
d =
√
pepo〈e|ρB|o〉
=
√
pepo
NeNo
{
〈β|ρB |β〉 − 〈−β|ρB| − β〉+ 2iℑ〈−β|ρB|β〉
}
.
(55)
The other terms are
〈β|ρB|β〉 = 1√
(ν + 1)2 cosh2 r − ν2 tanh2 r
× exp
{ (2ν + 1) tanh r ℜ[η2]
(ν + 1)2 − ν2 tanh2 r
}
× exp
{
− |η|
2[(ν + 1) + ν tanh2 r]
(ν + 1)2 − ν2 tanh2 r
}
(56)
〈−β|ρB| − β〉 = 1√
(ν + 1)2 cosh2 r − ν2 tanh2 r
× exp
{ (2ν + 1) tanh r ℜ[ζ2]
(ν + 1)2 − ν2 tanh2 r
}
× exp
{
− |ζ|
2[(ν + 1) + ν tanh2 r]
(ν + 1)2 − ν2 tanh2 r
}
(57)
〈−β|ρB|β〉 = 1√
(ν + 1)2 cosh2 r − ν2 tanh2 r
× exp
{ (2ν + 1) tanh r [ζ2 + η2]
2(ν + 1)2 − 2ν2 tanh2 r
}
× exp
{
− |ζ|
2 + |η|2
2
− ζην(ν + 1)
(ν + 1)2 cosh2 r − ν2 sinh2 r
}
(58)
where we define
ζ = (β∗ + α∗)ei
φ
2 (59)
η = (β − α)e−i φ2 . (60)
To understand the (big and cumbersome) expressions
for the fidelity we plot the fidelity against time in figures
(18) - (21) (the time scale of the graphics is: time = kt).
The choice α0 ≃ 0.0 is due to numeric computations. In
fact we use α0 = 10
−20. In each figure, we show the
decoherence time τ for the CSS, i.e. τ = (4|β0|2k)−1 and
the squeezing characteristic time for CSS and for GSS –
equations (15) and (37) – in the vertical lines.
FIG. 18: Fidelity between the coherent superposition states
and the GSS. The parameters used: β0 = 0.8, ω = 1, k = 0.1,
r0 = 1, α0 ≃ 0.0, φ0 = 0, nB = 0, ν0 = 0, θ = 0 (solid
line) and θ = pi (dashed line). The initial value of F for the
even CSS is greater than 1 due to limitations in the numeric
routine used.
FIG. 19: Fidelity between the coherent superposition states
and the GSS. The parameters used: β0 = 2.0, ω = 1, k = 0.1,
r0 = 1, α0 ≃ 0.0, φ0 = 0, nB = 0, ν0 = 0, θ = 0 (solid line)
and θ = pi (dashed line).
Analyzing the figures we can conclude the same as we
did before, but in a more quantitative way. In figures (18)
and (19) we plot the fidelity between a squeezed Gaus-
sian state with ν0 = 0 and even and odd superposition
states with β0 = 0.8 and β0 = 2.0, respectively. One can
see that the initial fidelity is always high for the even su-
perposition state with short values of β0, while when we
increase this parameter the fidelity decreases. The even
superposition with β0 = 0.8 is approximately a Gaus-
sian state – apart the fact that it has negative Wigner
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FIG. 20: Fidelity between the coherent superposition states
and the GSS. The parameters used: β0 = 0.8, ω = 1, k = 0.1,
r0 = 1, α0 ≃ 0.0, φ0 = 0, nB = 0, ν0 = 3, θ = 0 (dashed line)
and θ = pi (solid line).
FIG. 21: Fidelity between the coherent superposition states
and the GSS. The parameters used: β0 = 2.0, ω = 1, k = 0.1,
r0 = 1, α0 ≃ 0.0, φ0 = 0, nB = 0, ν0 = 3, θ = 0 (dashed line)
and θ = pi (solid line).
function – and it behaves like the GSS, i. e., the squeez-
ing property dominates the other quantum ones. When
we increase β0, the interference property dominates and
the state does not resemble the GSS. For values of β0 not
respecting the inequality (16) we see that the even super-
position state does not possess high fidelity and rapidly
behaves like the odd one.
In figures (20) and (21) we show the results for the
GSS with ν0 = 3 and even and odd superposition states
with β0 = 0.8 and β0 = 2.0, respectively. Both the
even and the odd superposition states behave similarly
in these cases. In the first case the GSS is not “so
squeezed” as the even superposition state and the
fidelity between them is short. In the second case, the
interference property dominates the superposition states
and their fidelity against the GSS behaves practically
equal.
V. SUMMARY AND CONCLUSIONS
In this work we study in detail, quantum properties of
coherent superposition states (even and odd superposi-
tion states) and of displaced, squeezed, thermal states.
We analyze the squeezing (via the Wigner function and
the covariance matrix determinant), the oscillations in
photon distribution (through the diagonal term of the
density operator ρnn = Pn) and the von Neumann en-
tropy (S[ρ] = − tr[ρ ln ρ]) for both cases. We show that
in superposition states each property has different char-
acteristic time (being the “squeeze time” lesser than the
decoherence time) while in the GSS we found only one
characteristic time (37). The even superposition state
shows squeezing, just like the GSS, and we can access
this property via the covariance matrix. We show that,
for both cases (even superposition state and GSS) the
squeezing effect only can be observed in special initial
conditions – equations (16) and (38) – and in experimen-
tally accessible time scales – equations (15) and (37).
Since it is “easy” to observe quadratures (for example
with homodine detection), one can use the squeezing ef-
fect to study quantum information, provided the initial
conditions fulfill the inequalities cited before. Finally, we
compare these effects more quantitatively by analyzing
the fidelity between the GSS and the superposition states
(even and odd), concluding the same, i. e., if the states
respect the inequalities mentioned before (the GSS and
the even superposition state for instance), the fidelity has
high value.
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